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Closed-Form Approximation for the Convergence
Time of pth-Order Kalman Filters

Sergi Locubiche-Serra

Abstract—The Kalman filter is used in a myriad of applications
for estimating a set of time-varying parameters in the minimum
mean square error sense. When designing the filter, one of the
points of most relevant interest is predicting its estimation perfor-
mance. However, it is often difficult to find expressions in closed
form that allow obtaining this information in a straightforward
manner. As a consequence, the designer usually requires resorting
to the numerical evaluation of the Bayesian Cramér-Rao bound
or the implementation and assessment of the filter through Monte
Carlo simulations. In this regard, this letter intends to contribute
with a novel closed-form upper bound for the convergence time of
a Kalman filter. To this end, the Kalman filtering problem is refor-
mulated in batch mode, and the corresponding Fisher information
matrix is analyzed. The contribution presented herein is based on a
generic dynamic model and is not restricted to any specific order, in
contrast to existing contributions. Simulation results are provided
to illustrate the goodness of the proposed approach.

Index Terms—Bayesian filtering, convergence time, Cramér—
Rao bounds, Kalman filters, steady state.

1. INTRODUCTION

ALMAN-filter-based techniques are used in plenty of dis-
K ciplines to provide the minimum mean square error es-
timation of a random process [1]. In time-invariant statistical
models, the so-called Bayesian Cramér—Rao bound (BCRB), or
posterior CRB [2], is a tool of great practical interest to deter-
mine the best achievable performance of these techniques and
evaluate the fulfillment of the user requirements. For the prob-
lem at hand, it has the form of a discrete-time Riccati equation
that can be solved recursively [3]. Unfortunately, a closed-form
expression for unveiling the insights into the Kalman filter per-
formance becomes nontrivial to obtain, thus forcing the designer
to evaluate the BCRB by means of numerical evaluations or ex-
tensive simulations.

A number of works aiming at circumventing this limitation
can be found in the literature. However, many of them rely on
assumptions that are often unrealistic in practice. This is the
case of [4] and [5], where the results are conditioned upon the
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availability of an accurate prior. Other works provide simplified
versions of the BCRB, yet still require some numerical eval-
uations [6] or eigendecompositions [7], [8]. One last example
is the adoption of low-order model restrictions to simplify the
complexity of the problem and provide results that are easily
tractable [9]. Therefore, deriving expressions in closed form
that facilitate the analysis and tuning of the Kalman filter in
practice still remains a difficult task.

In [10], we analyzed the steady-state behavior of the BCRB,
which exhibits a floor effect in the presence of process noise
[1]. One of our main contributions was the derivation of a
closed-form expression to determine the convergence time of
a second-order Kalman filter before entering the steady state.
This was carried out assuming a linear Gaussian model for the
input measurements and a diffuse initialization of the filter (i.e.,
noninformative prior), thus allowing the problem to be reformu-
lated in batch mode and be linked with the best linear unbiased
estimator (BLUE). We focused on a magnitude that evolved fol-
lowing a so-called dynamic or kinematic model [11], sometimes
referred to as Newtonian model [12], which is representative of
many real applications. Some examples are target tracking [13]
and carrier phase and frequency estimation in wireless commu-
nications and navigation [14], [15]. Notwithstanding, the main
limitation of [10] was the restriction of the work to second-
order models, leaving higher order models out of the scope of
the presentation, since the derivations resulted in quite a rather
cumbersome formulation.

The objective of this letter is to break this barrier and extend
the performance analysis to higher order models. In particular,
we derive a closed-form upper bound for the convergence time
that can be applied to Kalman filters of any nonrestricted order.
The proposed approach makes no assumption on the nature of
the input signal beyond the ones mentioned above, thus being
a rather generic approach applicable to models with either real
or complex parameters. The outcome of this work becomes a
valuable tool for the practical tuning of the Kalman filter and,
to our best, is a novel contribution to the literature.

II. BATCH FORMULATION OF THE KALMAN FILTER

A. Kalman Filter State-Space and Observation Models

Let us assume a linear pth-order Kalman filter with the fol-
lowing discrete-time state transition equation:

xp(n+1) = Fyx,(n) + G,v(n) ()

where x,(n) is the p-dimensional state vector containing the
parameters of interest at time sample n, which propagates to-
ward (n + 1) through the nonsingular (p x p) transition ma-
trix F,. The term v(n) stands for the process noise aiming at
covering the possible discrepancies between the Kalman state-
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space model and the actual input signal. It is usually mod-
eled as v(n) ~ N (0,02) with E [v(i)v*(j)] = 0 for i # j. Its
weight onto the different Kalman states is adjusted through
the linear (p x 1) transformation given by G, thus result-
ing in a zero-mean Gaussian process with covariance matrix
Q, = E [[o(n)PG,G)'] = 0,G,G!

The Kalman filter aims at providing estimates of x,, (n) based
on the available scalar noisy measurements modeled as

z(n) = Hyx,(n) +w(n) @)

where H,, is the (1 x p) observation matrix and w(n) is the
measurement noise corrupting the input observations. It is usu-
ally modeled as w(n) ~ N (0,02) with E [w(i)w*(j)] = 0 for
i # j. The process and measurement noises are independent
zero-mean Gaussian disturbances, and thus, E [v(i)w*(j)] =

E [w(i)v*(j)] = 0 for all 7 and j.

B. Batch-Mode Formulation

By conveniently combining (1) and (2), we obtained
[10, eq. (9)] that allowed us to stack all the measurements z(n)
in the data record up to time sample n into a vector defined as

2, = [2(1) 2(2) -+ 2(n)]". 3)
This facilitated the formulation of the Kalman filter in batch
mode as in [10, eq. (10)]

z, = A, ,X,(n) + Byu, )

where A, ,, B,, and u, are (n xp), (n x (2n — 1)), and
((2n — 1) x 1) matrices given by

A, = |HF," Y BHF, " Y H,,} (5)
-H,F'G, - -H,F," VG
P p /4 PP P
0 ~-H,F," G,
Bn = Ina (6)
0 H,F,'G,
0 0
u, = [w(l) w(2) -+ wn) v(1) v(2) - vin—1)]" (7)

with I, the (n x n) identity matrix.

The estimation performance of the Kalman filter is lower
bounded by the BCRB given by the inverse of the Bayesian
information matrix, denoted as J 151 (n). Notwithstanding, when
considering a noninformative prior, a parallelism can be made
between the Kalman filter and the optimal batch-mode estimator
of x, (n), namely the BLUE [16]. Interestingly, the latter is the
minimum variance unbiased estimator for the linear Gaussian
problem at hand, thus attaining the so-called Fisher information
matrix (FIM) (see [10, eq. (16)])

1

I n)= (AT S, 1A, ) (8)

where X, is the (n x n) covariance matrix of the Gaussian
measurements in (4), with z,, ~ N (A, ,x,(n),%,, ) and

Ezn =E [Bn u, unH Bf] = anu,, BnH )

with Eun - dlag ([ w,(1xn)’ 02 ,(1x(n-1)) ])
In the absence of a priori 1nf0rmat10n both the Bayesian

and the frequentist approaches coincide [16], thus leading to
Jg(n) = J(n). Therefore, we can make use of (8) to extract
the information about the convergence time of the Kalman filter
when it operates under a diffuse initialization.
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III. FISHER INFORMATION MATRIX

A. Inner Structure of the FIM

In order to determine the Kalman filter convergence time
using the FIM in (8), we need to particularly get some insight
into matrix 3, in (9). By exploiting the knowledge of matrices
B,, and X, , the inner structure of 3, for any p is found to
be formed by two separate terms

3, =M, +o.1, (10)

with M, a nonnegative (n X n) symmetric matrix whose con-
stituent elements are formed by cross products of H,,, F,,, and
G,,. By further inspection, it is found that, in particular, the
diagonal elements of IM,, are driven by [10, eq. (18)]

n—k

M= > (H,F,"G,)’

m=1

(1)

with k& = [1. .n]. The knowledge of (11) becomes of great utility,
since it is the information from which we can derive a closed-
form expression for the Kalman convergence time, as will be
shown in Section IV. The way forward requires thus the defini-
tion of a signal model that can be encompassed by matrices H,,
F,, and G, in order to keep working with (11).

B. Formulation of the pth-Order Kinematic Model

In the sequel, we consider a time-varying magnitude
whose discrete-time evolution adopts the following generic
pth-order dynamic or kinematic model [11, Ch. 6]:

P k) (g —
O(n) =0(n—1)+>_ F-l) (k, D
k=1 ’

12)

where the superindex (k) refers to the k th-order derivative of
6(n), which is considered to evolve as a kinematic model as
well, but with order (p — k)

—k 90+ ( —
J(n —1) Z o0 (n—1) (13)

The models in (12) and (13) can be Jomtly rewritten as

g(k)(n) —

0(n) O(n—1)
6™ (n) 6 (n —1)
0% () | =F,| 0P (n—1) | +Gumn) (14
01 () -1 (n — 1)

where x,(n) = [0(n) 0V (n) 63 (n) - 9<1"1)(n)]T de-
fines the Kalman state vector, and v(n) = 6*)(n). F, and

G, are the (p x p) and (p x 1) transition and process noise
propagation matrices defined as

R o |
0 1 1 =]
. 1
F,= (0 0 1 T (15)
0 0 0 1]
G, = |y Goor G %] (16)
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On the other side, the measurements for the problem at hand
are given by z(n) = 6(n) + w(n), and based on (2), the (1 x p)
measurement the matrix therefore becomes

H,=[100---0]. (17)

IV. UPPER BOUND FOR KALMAN FILTER CONVERGENCE TIME

A. Determination of Kalman Filter Convergence Time

Recalling [10, Sec. IV], the determination of the Kalman
convergence time is based on observing the evolution of the
trace of 3, in (10). This was graphed in [10, Fig. 2], which also
included the evolution of the two separate components given by
o2Tr (M,,) and o2 n. For small n, the trace of 3, is dominated
by the contribution of the measurement noise o filtered by the
Kalman. At a given time instant, a change of state is produced, in
which Tr (X, ) becomes dominated by the contribution of the
process noise, a situation that remains then for n — co. This
is the point at which the BCRB becomes lower saturated by
nonzero process noise [1]. Therefore, the intersection point of
both components is considered to determine the time instant at
which the Kalman enters the steady state. The latter can thus be
found as the solution for n to the equality

o?Tr (M,,) = o2 n. (18)

The problem of solving (18) requires determining the trace of
M, . To this end, we fortunately have expression (11) to work
with. From this, the trace of M,, can be computed as

n n n—k
—m 2
Tr(M,) =Y M), => Y (HF,"G,)". (19)
k=1 k=1m=1
Substituting the matrices H,,, F,,, and G,, defined in (15)—(17)
and evaluating for different model orders p, it is found that (19)
can be rewritten as a polynomial with degree 2p

2p
Tr(M,) =Y _ Bn’ (20)
q=1

with {3; 3’;1 a set of coefficients whose absolute value is found
to be less than one. Substituting (20) into (18), the latter can be
rewritten as

2p

o? Zﬂf’lnq =ao’n. (21)
qg=1

In the equality in (21), both sides can be compensated by a

factor of n. By doing so, we find that the convergence time of

a pth-order Kalman filter, denoted henceforth as n&p >, can be

obtained as the real positive root of the following polynomial
with degree (2p — 1):
2p—1

fo(n,p) =By + Y _ Byn? (22)
q=1

with 3, = (3, 1, and (3, is the independent term defined as

2

ﬁozm—?@

v

(23)

Deriving a closed-form solution for the real root of (22) may
become a rather cumbersome mathematical problem when mod-
els with sufficiently high order are considered. For this reason,

in Section IV-B, we formulate an approximation for nﬁ,” ) that
considerably reduces the complexity of the problem.
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B. Closed-Form Approximation for the Convergence Time

In order to derive a closed-form approximation for nEp ),

we will henceforth assume that o2 > ¢2. This assumption is
widely considered in many practical applications such as the
radar/sonar tracking problem [1] and the one in which the po-
tential of the Kalman filter can mostly be exploited. In this
situation, the Kalman estimates the parameters of interest by
filtering the input measurement noise, down until reaching the
floor saturation imposed by nonzero process noise. Such a floor
effect tends to disappear when o2 — 0, causing the BCRB to
decrease without bound and never attain a steady state, leading
to n((;p ) c0.On the contrary, the floor becomes more stringent
when gradually increasing o2, causing the convergence time
to reduce. When o2 is such that the condition 02 > o2 is not
fulfilled, the Kalman is left with no margin to filter the measure-
ment noise. Consequently, the process noise becomes rapidly
the dominating effect in this situation, thus leading the Kalman

filter to saturate at the very first iteration, that is, nép )
(p)

Therefore, as a general rule, we have that 1 < ng¢

— 1.

< o00.In
this way, we can derive a closed-form approximation of nﬁ” )
through asymptotic analysis. If we consider o> small compared

to o2, we can claim from the reasoning above that ni?)>1.
Being this raised up to (2p — 1) in (22), the polynomial becomes

rapidly dominated by the highest order term, namely,

fe(n,p) = Bap_1n® ™ + . (24)

In addition, the assumption above also allows the independent
2

term in (23) to be approximated by 3y ~ — %%, since |3]] < 1

as previously stated. Substituting this into (245 and by equating

(p)

to zero, an approximation for n¢ ’ can be provided as

) oy )
ncp ~ 621771 2 ta :ncp (25)

O-’U
where we incorporate an additional parameter « to provide a
valid solution for the convergence time in case the condition
o2 > o2 is not fulfilled. More precisely, the rationale of « is

to lower saturate the approximation in (25) and avoid the mean-

(p)

ingless result 71’ = 0 when o2 /o2 — 0. Given that the con-

vergence time fulfills n{?) > 1, the value of o can be computed

by forcing the asymptotic of (25) to become

0.2

2p—1
[62;3_1;;’ + a} =1

v

(26)

lim
o 2
—4—0

[

which leads to o = 1.

Even though the complexity of solving nép ) for (22) has been
considerably reduced, the result in (25) still lacks the knowl-
edge of 32,1 to become a truly closed-form expression for the
Kalman filter convergence time. As a matter of fact, 3, is the
coefficient of the highest order term of Tr (M, ) in (20), that is,
B2p—1 = B3, for which an expression can interestingly be ob-
tained in closed form through (19) using matrices H,,, F,,, and
G, defined in (15)—(17). To this end, we proceed by computing
the highest order term of (19) in a step-by-step basis. First, by

evaluating the polynomial (Hp F," Gp)2 for different values
of p, it is found that

(B8, =

2(p-1)
o 27)
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Fig. 1. (Top) Closed-form approximation for the convergence time ﬁip )

in (31), versus exact solution n£P ) for (22), with p = 3. (Bottom) Good-
ness of ﬁﬁp ) in terms of the resulting BCRB steady-state performance v =

et /[t @],

with the subscript HO on the left-hand side denoting the highest
order term. Then, the result in (27) is doubly integrated through
the inner and outer summatories

li = ] m o
-0, @-Dle-DY
li (n —k)?-1 ] n2p
= er-)e-D7 |, 2@r-1)p-DY
(29)
From (29), we can extract the coefficient of interest
1
= 30
B ey Dl 1P o0

which, substituted into (25), eventually leads to the following
closed-form approximation for the convergence time of a pth-
order Kalman filter:
1
o? 2T
DI =2 41
P2

v

2p(2p—1) [(p - (31)

We recall that a diffuse initialization of the Kalman filter is
being considered here. This means that no a priori informa-
tion about the parameters of interest is available to help the
Kalman filter converge more rapidly to the steady state. The
filter operates with absolute initial uncertainty, thus causing the
convergence time to be maximum. Therefore, the result derived
in (31) can be understood as an upper bound on the Kalman
filter convergence time.

ﬁgp) —

V. GOODNESS OF THE PROPOSED APPROXIMATION

This section aims at illustrating the goodness of the approxi-
mation for the Kalman filter convergence time proposed in (31)
for a broad range of values of o2 and 0. Two different plots
are analyzed. On the one hand, the top plots of Figs. 1 and 2

show a comparison of the proposed result n(p ) in (31) to the

exact solution ng, 2 given by the real root of (22) for p = 3 and
= 4, respectively. A very tight match between both lines can
be observed for practically all values of o2 and o2, even though

small discrepancies appear as expected when the assumption

IEEE SIGNAL PROCESSING LETTERS, VOL. 25, NO. 10, OCTOBER 2018
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Fig.2. Same as Fig. 1, but with p = 4.

o2, >> o2 is not fulfilled. In order to provide a unique real solu-

tion for nép ), the polynomial in (22) is required to have only one

real root. This is found to occur when the process and measure-
ment noise variances meet o2 /o> > 101 77. For ratios below
this value, the polynomial presents multiple real roots, which

hinders the distinction of the correct solution for ng ») In this

situation, our approximation 1s lower saturated to ng P — =1as
intuitively expected for large o2, thus conﬁrmlng that its apph-
cability can safely be extended to all values of o2, and o2.

On the other hand, the bottom plots of Figs. 1 and 2

show the goodness of n¢ ") in terms of the resulting BCRB
steady-state performance, measured through the ratio v =
[35! ()], 1/[;!*' (f(,”’)} . It is observed that the smaller o2, the

tighter the matching of [ Y7 1”)}1 to [35' ()],

the better the approximation in (31), leadlng to y —> 100%. As
o2 gradually increases and the assumption o2 >> o2 gets com-
promlsed, ~ worsens, but just slightly below 80% and 70%, as
shown in Figs. 1 and 2, respectively. This manifests the lim-
ited operation range of the proposed approach even though an
acceptable result can still be provided. When o2 is too large and
o2, >> o2 no longer holds, the lower saturation in (26) comes
into action, and interestingly, v — 100% again. Note that a too
large process noise, though, indicates that the Kalman filter
state-space model does not quite well fit the incoming mea-
surements, thus causing the former to become ill-posed and
consequently not to be able to perform filtering. The result of ~y
above confirms that in this situation, there is no point in iterat-
ing the BCRB further than the very first iteration, as it provides
reasonably no benefit in terms of performance enhancement.

and hence,

VI. CONCLUSION

In this letter, a novel closed-form approximated upper bound
for the convergence time of Kalman filters of any order has been
presented. The expression has been obtained by reformulating
the Kalman filtering problem in batch mode and analyzing the
corresponding FIM. The goodness of the approach has been
confirmed through simulation results. The proposed contribu-
tion provides a direct relationship of the Kalman filter conver-
gence time with the parameters playing a key role in its behavior.
Hence, the provided result becomes a valuable tool that removes
the need to resort to numerical evaluations or Monte Carlo sim-
ulations for tuning Kalman filter-based applications in practice.
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